In this paper we introduce the definition of transitivity for oriented 3-hypergraphs in order to study partial and complete cyclic orders. This definition allow us to give sufficient conditions on a partial cyclic order to be totally extendable. Furthermore, we introduce the 3-hypergraph associated to a cyclic permutation and characterize it in terms of cyclic comparability 3-hypergraphs.
Introduction
A partial order of a set X is a reflexive, asymmetric and transitive binary relation on X. When the relation is total the order is called a linear order, since it captures the idea of ordering the elements of X in a line. In contrast, to capture the idea of ordering a set X in a circle, it is well known that a ternary relation is needed.
A partial order can be graphically represented by a transitive oriented graph. In particular, the oriented graph associated to a linear order is a transitive oriented tournament. There is no obvious way for representing graphically a partial cyclic order. In [1] , the authors introduce certain subclass of cyclic orders that can be represented by means of oriented graphs. However, in the literature there is no custom manner to represent any partial cyclic order.
In this paper we introduce a definition for oriented 3-hypergraph and a notion of transitivity, in order to represent partial cyclic orders. Just as it occurs with linear orders and transitive tournaments, with our definition, it happens that the transitive oriented 3-hypertournament is unique. Among the study of intersection graphs, the class of permutation graphs has received lots of attention (see, for instance, [3] and references therein). In particular, an old result by Pnueli, Lempel and Even [6] characterizes permutation graphs in terms of comparability graphs. In this work we define the 3-hypergraph associated to cyclic permutation, and cyclic comparability 3-hypergraphs.
Using these notions we extend the result mentioned above, by characterizing cyclic permutation 3-hypergraphs in terms of cyclic comparability 3-hypergraphs (Theorem 2). In order to prove Theorem 2 we explore first its oriented version (Theorem1).
One of the most important problems studied within the study of cyclic ordersis the extendability of cyclic orders to complete (or total) cyclic orders (see [1, 2] ). This is, when the orientation of each triplet in the cyclic order can be derived from a total cyclic order. Examples of cyclic orders that are not extendable are well known [1] . In this context, we exhibit a class of cyclic orders which are totally extendable (Theorem 3).
Transitive Oriented 3-Hypergraphs and cyclic orders
Let X be a set of cardinality n. A partial cyclic order of X is a ternary relation T ⊂ X 3 which is cyclic: (x, y, z) ∈ T ⇒ (y, z, x) ∈ T ; asymmetric: (x, y, z) ∈ T ⇒ (z, y, x) ∈ T ; and transitive: (x, y, z), (x, z, w) ∈ T ⇒ (x, y, w) ∈ T . If in addition T is total: for each x = y = z = x, either (x, y, z) ∈ T or (z, y, x) ∈ T , then T is called a complete cyclic order. Partial cyclic orders has been studied in several papers, see [2, 1, 4, 5] for excellent references.
A cyclic ordering of X is an equivalence class, [φ], of the set of linear orderings (i.e. bijections φ : [n] → X, where [n] denotes the set {1, 2, . . . n}) with respect to the cyclic equivalence relation defined as: φ ∼ ψ, if and only if there exist k ≤ n such that
, where i + k is taken (mod n). Note that complete cyclic orders and cyclic orderings correspond to the same concept in different contexts. We use the word "order" to refer to a ternary relation, and the word "ordering" to refer to the cyclic equivalence class.
For the reminder of this paper we will denote each cyclic ordering [φ] in cyclic permutation notation, (φ(1) φ(2) . . . φ(n)). For example, there are two different cyclic orderings of X = {u, v, w}, namely (u v w) and (u w v), where (u v w) = (v w u) = (w u v) and (u w v) = (v u w) = (w v u).
Transitive and Self Transitive oriented 3-hypergraphs
We use the standard definition of 3-hypergraph, to be a pair of sets H = (V (H), E(H)) where V (H) is the vertex set of H, and the edge set of
Definition 1 Let H be a 3-hypergraph. An orientation of H is an assignment of exactly one of the two possible cyclic orderings to each edge. An orientation of a 3-hypergraph is called an oriented 3-hypergraph, and we will denote the oriented edges by O(H).
Definition 2 An oriented 3-hypergraph H is transitive if whenever (u v z) and
Note that every 3-subhypergraph of a transitive oriented 3-hypergraph is transitive, fact that we will use throughout the rest of the paper. Also, there is a natural correspondence between partial cyclic orders and transitive oriented 3-hypergraphs.
A transitive oriented 3-hypergraph, H, with
3 , where the orientation of each edge is the one induced by the cyclic ordering (1 2 . . . n). Clearly T T 3 n is a transitive 3-hypertournament on n vertices. It is important to note that every transitive 3-hypertournament on n vertices is isomorphic to T T 3 n which allows us to hereafter refer to the transitive 3-hypertournament on n vertices. This fact, is implied in the literature regarding cyclic orders, and that is indeed the reason why total, cyclic, asymmetric and transitive ternary relations are called complete cyclic orders (or circles as in [1] ).
Given a (non oriented) 3-hypergraph the complement is naturally defined. For an oriented 3-hypergraph it is not clear how to define its oriented complement. However, for H a spanning oriented subhypergraph of T T 3 n , we define its complement as the oriented 3-hypergraph H with
Definition 3 An oriented 3-hypergraph H which is a spanning subhypergraph of T T 3 n is called self-transitive if it is transitive and its complement is also transitive.
The following lemma that we will refer to it as the eveness property is not difficult to proof and it is left to the reader.
Lemma 1 Let H be a self transitive 3-hypergraph, then all its induced 3-subhypergraphs with four vertices necessarily have an even number of hyperedges.
The oriented 3-hypergraph associated to a cyclic permutation
In resemblance to the graph associated to a linear permutation, we will now define the 3-hypergraph associated to a cyclic permutation and study some of its properties.
A cyclic permutation is a cyclic ordering of [n]. This is, an equivalence class [φ] of the set of bijections φ : [n] → [n], in respect to the cyclic equivalence relation. As mentioned before, a cyclic permutation [φ] will be denoted by (φ(1) φ(2) . . . φ(n)), and its reversed permutation [φ ′ ] corresponds to (φ(n) φ(n − 1) . . . φ(1)).
Let [φ] be a cyclic permutation. Three elements i, j, k ∈ [n], with i < j < k, are said to be in clock-wise order in respect to It ∼ = H. Next we shall prove that the self-transitive property characterizes the class of oriented cyclic permutation 3-hypergraphs. For a vertex v ∈ V (H) of an oriented 3-hypergraph H, the link of v, denote by link H (v), is the oriented graph with vertex and arc sets equal to: V (link H (v)) = V (H) \ {v}, and
Lemma 2 Let H be a self-transitive 3-hypergraph. Then, link H (v) is a self transitive oriented graph, for any v ∈ V (H).
Theorem 1 H is an oriented cyclic permutation 3-hypergraph if and only if H is self transitive.
Proof.
If there is a cyclic permutation
Conversely, let H be a self transitive oriented 3-hypergraph with n vertices. We proceed by induction on the number of vertices, in order to prove that H is an orientedcyclic permutation 3-hypergraph. The statement is obvious for n = 3.
Assume n ≥ 4, and label the vertices of H by V (H) = {1, 2, ..., n}. Consider the 3-hypergraph obtained from H by removing the vertex n, this is H \{n}. Since H \{n} is a self transitive 3-hypergraph, thus by induction hypothesis there is a cyclic permutation
Consider now, the oriented graph link H (n). By Lemma 2, link H (n) is a self transitive oriented graph, and therefore there is a linear permutation ψ, such that link H (n) ∼ = H ψ . In the remainder of the proof we will show that the cyclic equivalent class of ψ is precisely [ϕ], and that [ϕ] can be extend to a cyclic permutation
is a cyclic permutation, with out lost of generality we may assume that ϕ(1) = ψ(1). Next we will prove that ϕ(i) = ψ(i) for every i ∈ [n−1]. By contradiction, let j ∈ [n − 1] be the first integer such that ϕ(j) = ψ(j). Then, the cyclic ordering of
With out lost of generality we may suppose the first case, then one of the following holds: ϕ(1) < ϕ(j) < ψ(j) or ψ(j) < ϕ(1) < ϕ(j) or ϕ(j) < ψ(j) < ϕ(1). Assume first ϕ(1) < ϕ(j) < ψ(j), note that (ϕ(j) ψ(j)) ∈ O(link H (n)), thus (n ψ(j) ϕ(j)) ∈ O(H), and by transitivity (n ϕ(j) ϕ(1)) ∈ O(H), which is a contradiction since (ϕ(1) ϕ(j)), (ϕ(1) ψ(j)) ∈ O(link H (n)). The other cases follows by similar arguments, so the claim holds.
Consider now the cyclic permutation (ψ(1) ψ(2) ... ψ(n − 1) n) and call it [φ].
then the orientations of all edges in H \ {n} are induced by [φ] . It remains to prove that the orientations of all edges containing n, are induced by [φ] . To see this, note that the orientations of such edges are given by link H (n), and for every j ∈ [n − 1] it happens that φ −1 (j) < φ −1 (n) = n. Thus the orientations of all edges containing n are induced by [φ], which completes the proof.
Cyclic comparability 3-hypergraphs
One of the classic results in the study of permutation graphs is their characterization in terms of comparability graphs also referred in the literature [3] as transitively oriented graphs. The aim of this section is to prove an equivalent result for cyclic permutations and cyclic comparability 3-hypergraphs.
Definition 5 A 3-hypergraph, H, is called a cyclic comparability hypergraph if it admits a transitive orientation.
Lemma 3 Let H be a cyclic comparability 3-hypergraph such that H is also a cyclic comparability 3-hypergraph. Let H o and H o be any transitive oriented 3-hypergraphs whose underlying 3-hypergraphs are H and H respectively. Then the union H o ∪ H o is isomorphic to T T 3 n .
Proof.
Clearly H o ∪ H o is a complete 3-hypergraph, thus, we only need to verify that H o ∪ H o is transitive. Observed, that the, transitivity in 3-hypergraphs is a local condition, therefore it is sufficient to check that the transitivity follows for every set of four vertices.
Let F be any comparability 3-hypergraph with four vertices such that F is also a comparability 3-hypergraph. We shall prove that F is transitive by giving a cyclic order of its vertices.
If F has no edges, or four edges, the transitivity follows. So we might assume both F and F have two edges each, as if any of them has three edges, by the evenness condition (Lemma 1), it can't be oriented transitively.
We might assume with out lost of generality that
Out of all the six possible pairings of the four edges in H ∪ H, only two have opposite orders along their common pair of vertices, namely {(
By transitivity the first pairing indicates that the orientations of the two other edges are induced from the ciclic order
An un-oriented 3-hypergraph H is called a cyclic permutation 3-hypergraph if H can be oriented in such a way that the resulting oriented 3-hypergraph is an oriented cyclic permutation 3-hypergraph. The following Theorem is a direct Corollary of Lemma 3 and Theorem 1.
Theorem 2 A 3-hypergraph H is a cyclic permutation 3-hypergraph if and only if H and H are cyclic comparability 3-hypergraphs.
Total extendability of a certain class of cyclic orders
It is a well known fact [1, 2] that, in contrast to linear orders, not every cyclic order can be extended to a complete cyclic order, which in our setting means that not every transitive 3-hypergraph is a subhypergraph of a transitive 3-hypertournament.
The decision whether a cyclic order is totally extendable is known to be NPcomplete, and examples of cyclic orders that are not extendable are well known [1, 2] . In [1] the authors exhibit some classes of cyclic orders which are totally extendable.
As a direct consequence of Lemma 3 we can state the following theorem stating a sufficient condition for the extendability of cyclic orders.
Theorem 3 Let T be a partial cyclic order on X, if the complement relation T is a cyclic order then T is totally extendable.
Proof. Let H T and H T be the transitive oriented 3-hypergraphs associated to the cyclic orders T and T , respectively. Then by Lemma 3, H T ∪ H T ∼ = T T 3 n , so that there is a cyclic ordering of the elements in X that induces all orientations of edges in H T , this is T is totally extendable.
Conclusions
The proofs of all theorems on oriented 3-hypergraphs in this paper follow naturally from the definition of transitivity and, not surprisingly, all concepts defined for oriented 3-hypergraphs are reminiscent of the corresponding notions for oriented graphs; such evidence allows us to suggest that perhaps many parts of the theory of transitive graphs can be extended to transitive 3-hypergraphs. In particular, we are interested in the extension of the concept of perfection for hypergraphs. That was indeed the reason why we started the exploration on the subject
